Abstract. We consider a scalar field with a Gauss-Bonnet-type coupling to the curvature in a curved space-time. For such a quadratic coupling to the curvature, the metric energy-momentum tensor does not contain derivatives of the metric of orders greater than two. We obtain the metric energy-momentum tensor and find the geometric structure of the first three counterterms to the vacuum averages of the energy-momentum tensor for an arbitrary background metric of an N -dimensional space-time. In a homogeneous isotropic space, we obtain the first three counterterms of the n-wave procedure, which allow calculating the renormalized values of the vacuum averages of the energy-momentum tensors in the dimensions N = 4, 5. Using dimensional regularization, we establish that the geometric structures of the counterterms in the n-wave procedure coincide with those in the effective action method.
Introduction
Quantum field effects in a curved space-time are intensively studied nowadays and may be important for the cosmology of the early Universe and for astrophysics (see [1] , [2] ). Calculations in a curved space-time require describing the interaction of the matter field with the external gravitational field. In the case of a scalar field, different types of coupling to the curvature have been considered. The minimal coupling consists in replacing partial derivatives with covariant ones in the free-field equations. If, moreover, we add the term ξRϕ, where R is the scalar curvature, to the equation for the scalar field ϕ(x), then the equation for the massless field become conformally invariat under a special choice ξ = ξ c . In several papers, the condition ξ = ξ c is regarded as preferable (see, e.g., [3] ). For scalar fields in inflationary models [4] , the condition ξ = 0 is usually assumed. In investigations of quantum effects in a curved space-time, models with arbitrary values of ξ are intensively studied (see, e.g., [5] ). In the case of interacting fields, it is impossible to preserve the conformal invariance not only effective action but also an usual action after renormalization in a curved space-time [2] . The models with an arbitrary ξ, which are not conformally invariant already at the classical level, can be generalized by adding terms quadratic in the curvature, and so on. But to avoid a radical change of the theory, we must preserve the important property of the theories with a coupling of the form ξRϕ: the metric energy-momentum tensor (EMT) of the scalar field with such a coupling does not contain derivatives of the metric of orders greater than two. The presence of higher-order derivatives of the metric in the metric EMT and therefore in the Einstein equations would result in a qualitative change of the theory (see [6] ) already at the classical level!
The requirement that higher-order derivatives of the metric be absent was previously used as the basis for generalizing the theory of gravity to higher dimensions [7] . These conditions are satisfied in the multidimensional Einstein-Gauss-Bonnet theories of gravity arising as low-energy approximations of string theories [8] . In theories with the dilaton coupled to the curvature by the Gauss-Bonnet invariant, the coupling of the scalar field to the curvature is such that the EMT does not contain higher-order derivatives of the metric. Such theories also arise as low-energy consequences in string models (see, e.g., [9] ).
In the present paper, we consider renormalization of the vacuum averages of the EMT of a scalar field with a Gauss-Bonnet-type coupling to the curvature, find the geometric structures of the counterterms in an arbitrary metric, and consider the n-wave procedure [10] , which is one of the most effective ways to calculate the renormalized values of the EMT in homogeneous isotropic spaces. In Sec. 2, we calculate the metric EMT and express it in terms of the conformal Weyl tensor. This expression is convenient for calculations in homogeneous isotropic spaces. In Sec. 3, we find the geometric structure of the counterterms to the vacuum averages of the EMT in the effective action method. In Sec. 4, we quantize the scalar field in a homogeneous isotropic space and calculate the vacuum averages of the EMT with respect to the vacuum determined by the Hamiltonian diagonalization method. In Sec. 5, we calculate the first three counterterms of the n-wave procedure in a homogeneous isotropic space-time and use dimensional regularization to establish that their geometric structure coincides with the structure of the counterterms in the effective action method. In conclusion, we summarize the results in this work. In Appendix A, we give expressions for the variations of some geometric quantities as well as the Bianchi identities and their consequences that are necessary for deriving the EMT and the counterterms to its vacuum averages. In Appendix B, we give the expressions for those geometric quantities in an N-dimensional homogeneous isotropic space-time that are used in this work.
All calculations are done for the N-dimensional space-time, that is necessary for dimensional regularization and can be used to study higherdimensional models. We use the system of units whereh = c = 1. The signs of the curvature tensor and the Ricci tensor are chosen such that R 
Scalar field with a Gauss-Bonnet coupling to the curvature
We consider a complex scalar field ϕ(x) of mass m with the Lagrangian
and the corresponding equation of motion
where ∇ i are the covariant derivatives in the N-dimensional space-time with the metric g ik , g = det(g ik ), and V (R) denotes a function depending on invariant combinations of the curvature tensor R i jkl and the metrical tensor,
Equation (2) is conformally invariant for m = 0 and V (R) = ξ c R , where
. The minimal coupling of the scalar field to the curvature corresponds to V (R) ≡ 0. In general, nonzero constants with the dimension [mass] −2 at the terms quadratic in the curvature in (3) yield third-and fourth-order derivatives of the metric in the metric EMT and consequently in the Einstein equations. It is known (see [6] ) that such terms, even with small coefficients, lead to a radical change of the theory. If we require that the metric EMT of the scalar field should contain no derivatives of the metric of an order greater than two, then the function
can be taken as V (R). For such a coupling of the scalar field to the curvature, varying the action with respect to the metric and using formulas in Appendix A, we obtain the expression for the metric EMT
where G ik = R ik − Rg ik /2 is the Einstein tensor and
Here, we introduce the notation A n(i B k) = (A ni B k + A nk B i )/2 for the symmetrization. We note that R 2 GB ≡ 0 for N = 2, 3; therefore, no new effects can arise from ζ = 0 in these dimensions. In the four-dimensional space-time, we have E ik = 0 (see [11] ), but P ik (ϕ * ϕ) = 0 for a metric of the general form and ϕ(x) = const.
The Gauss-Bonnet theorem holds in even-dimensional spaces (see, for example, [12] ): for a compact oriented manifold M with the even dimension N = 2k, the Euler characteristic, which is a topological invariant, is given by
where g ik is Riemannian metric on M and
The summation is performed over all pairs {π, σ} of permutations of the set {1, . . . , N}, and (−1) π and (−1) σ are the signs of the permutations. For N = 2, we have E(x) = −(4π) −1 R(x). For N = 4, the expression after the sum sign in (9) coincides with R 2 GB (see [11] for a proof). It is therefore natural to call the coupling of the scalar field to the curvature in Eq. (2) with V (R) of form (4) a Gauss-Bonnet-type coupling.
To investigate the EMT in a homogeneous isotropic space further, we write the formulas for E ik and P ik expressing the Riemann tensor in terms of the Weyl conformal tensor:
Here, the square brackets in the subscript denote antisymmetrization: (6) and (7), we obtain
where the tensor
which was introduced in [13] , is covariantly conserved in the conformally flat case (i.e., for C iklm = 0) and in a homogeneous isotropic space in particular.
Geometric structure of counterterms
In a space-time with a metric of the general form, it is convenient to use the dimensionally regularized effective action to analyze the geometric structure of the divergences of the vacuum averages of the EMT. For the complex scalar field ϕ(x) with equation of motion (2), the one-loop effective action can be written as (see [2] , [14] )
where
N is the space-time dimension considered as a variable analytically continued to the complex plane, ε is a complex parameter, M is a constant having the dimension of mass [15] introduced to restore the standard dimension (length) −N 0 of L ef f in the case N = N 0 − 2ε, Γ(z) is the gamma function, and ∆ξ ≡ ξ c − ξ.
It follows from (10) that the expression for a 2 in the case of Gauss-Bonnettype coupling (4) to the curvature can be written as
The first [N 0 /2] + 1 terms in (15) are excluded to obtain the renormalized Lagrangian L ef f ([b] denotes the integer part of a number b). Varying the terms in the effective action corresponding to j = 0, 1, 2 with respect to g ik and using formulas in Appendix A, we obtain the terms subtracted from the vacuum EMT :
,
In the conformally flat case, we have
H ik , and W ik = 0. Hence,
Assuming that the vacuum averages T ik of the EMT are sources of the gravitational field (see [1] , [2] ), i.e.,
where Λ and G are the cosmological and gravitational constants and T b ik is the EMT of the background matter, we can draw the following conclusion from formulas (19)-(21). The first three subtractions from the vacuum EMT in the N-dimensional space-time correspond to renormalizing the cosmological and gravitational constants and the parameters at the terms of the second, third, and fourth orders in the curvature in the bare gravitational Lagrangian of the form (18) and (21), subtracting T ik,ε [2] corresponds to a renormalization of the parameters α ε , β ε , γ ε , δ ε , and θ ε . For ξ = ξ c and N → 4, the renormalization of the parameters β ε and δ ε is finite.
We note that the form of the terms α ε R 2 GB in (27) agrees with use of dimensional regularization (E ik ≡ 0 only for integer N = 2, 3, 4).
For N → 4, the products E ik Γ(1 − (N/2)) and E ik Γ(2 − (N/2)) have finite limits for an arbitrary space-time metric because the dependence of the expressions for E ik on N is assumed to be rational in the analytic continuation with respect to the dimension, E ik = 0 for N = 4, and the gamma function has first-order poles at the points 0 and −1. The corresponding terms in (20) and (21) are therefore finite, and it is unnecessary to subtract them to obtain finite quantities in Eq. (26), describing the back reaction of the quantized field on the metric. But without such subtractions, the effective action remains divergent, and the expression for the anomalous trace of the vacuum EMT differs from the standard one even for ζ = 0. Because the corresponding terms arise for different methods of regularization (see [1] , [2] ), it is customary to retain them in the counterterms to the vacuum EMT.
The questions whether finite renormalizations are necessary and what the values of the renormalized parameters are pertain to experiment. As noted in [1] , the renormalized parameters at non-Einstein terms in the gravitational Lagrangian are possibly equal to zero.
The scalar field in a homogeneous isotropic space
We write the metric of an N-dimensional homogeneous isotropic spacetime in the form
where dl 2 = γ αβ dx α dx β is the metric of the (N − 1)-dimensional space of constant curvature K = 0, ±1. The complete set of solutions of Eq. (2) in metric (28) can be found in the form
where g
the prime denotes the derivative with respect to the conformal time η, and J is the set of indices (quantum numbers) labeling the eigenfunctions of the Laplace-Beltrami operator ∆ N −1 in the (N − 1)-dimensional space. We note that because the eigenvalues of the operator −∆ N −1 are nonnegative, we have the inequality λ 2 − ((N − 2)/ 2) 2 K ≥ 0 . According to the Hamiltonian diagonalization method [1] (see [16] for the case of an arbitrary V (R)), the functions g λ (η) should satisfy the initial conditions
For quantizing, we decompose the field ϕ(x) with respect to the complete set of solutions of (29),
and impose the commutation relations
It is convenient to express the averages of the EMT operator for the vacuum |0 annihilated by the operators a 
of the functions g λ and g * λ , which satisfy the system of differential equations
in accordance with (30). Taking the initial conditions S(η 0 ) = U(η 0 ) = V (η 0 ) = 0 following from (33) into account, we can rewrite Eqs. (38) as a system of the Volterra integral equations
To obtain the vacuum EMT, we use the following summation formulas for the eigenfunctions of the operator ∆ N −1 (see [17] ):
where the sign denotes integration for continuous J and∇ α is the covariant derivations in the (N − 1)-dimensional space with the metric γ αβ . In quasiEuclidean case (K = 0), the function f (λ) is given by
(see [17] for the case K = 0). Substituting decomposition (34) in (5) and using (11)- (13), (36), (37), (41)- (43), and formulas in Appendix B, we obtain the (divergent) expressions
for the vacuum averages of the EMT, where
, and c ≡ a ′ /a. In the four-dimensional space-time, the integration measure in expression (45) has the form (see [1] )
In the N-dimensional case, we have dµ(λ) = σ(λ)dλ (see [17] ), where
5. The n-wave procedure
The n-wave procedure proposed in [10] is often used to calculate the renormalized vacuum EMT in homogeneous isotropic spaces. For the Ndimensional homogeneous isotropic space-time, the n-wave procedure can be expressed by the formulas (see [17] ):
To find a ik [l] explicitly, we expand S, U, and V (see (37)) in inverse powers of n after replacing λ → nλ and m → nm for n → ∞: S = ∞ k=1 n −k S k , . . .. Using consecutive iterations in integral equations (39) and (40) and the stationary phase method, we obtain the first nonzero expansion terms
We note that the terms that are nonlocal in time (i.e., depend on both η and η 0 ) are excluded from expressions (54)-(56). Such terms are absent if V 1 (η 0 ) = V 3 (η 0 ) = U 2 (η 0 ) = U 4 (η 0 ) = 0, which is assumed below. In particular, there are no nonlocal terms if the first 2[N/2] derivatives of the scale factor a(η) of the metric vanish at the initial instant.
Using (46), (47), (49), and (54)- (56), we obtain the expressions for a ik [l],
The above expressions exhaust all subtractions in the dimensions N = 4, 5.
The vacuum EMT renormalized according to (52) is covariantly conserved. This is proved using expressions (58) and (59) and the equalities (38), (46), (47), and (60)-(63).
As in [18] , we perform the dimensional regularization to clarify the geometric structure of the counterterms of the n-wave procedure. To calculate the integrals in the dimensionally regularized counterterms
where a ik,ε [l] are defined by formulas (58)-(63) with replacement N → N 0 − 2ε, we use the equality
If the integral in the left-hand side of (65) does not exist in the usual sense, then it is assumed to be equal to the analytic continuation of the right-hand side of (65) to the corresponding values of k and p. As a result of calculations that are cumbersome but contain no principal difficulties, we obtain the respective expressions (19) , (24), and (25) for zeroth, first, and second counterterms in the n-wave procedure by taking formulas in Appendix B into account. The geometric structure of the first three subtractions in the n-wave procedure therefore coincides with that in the effective action method.
Conclusion
In this paper, we consider a scalar field with a Gauss-Bonnet-type coupling to the curvature such that the metric EMT contains no derivatives of the metric of order greater than two. We obtain expressions (5)- (7) for the EMT and represented them in terms of the Weyl conformal tensor. This representation is convenient for calculations in both conformally flat (in particular, homogeneous isotropic) spaces and Ricci-flat (i.e., for R ik = 0) spaces (see (11) and (12)). We found the geometric structure of the first three counterterms to the vacuum EMT in an arbitrary metric for an N-dimensional space-time (see (19) - (21)). In the dimensions N = 4, 5, these counterterms exhaust all subtractions. The analysis of the geometric structure of these counterterms allows concluding that the first three subtractions correspond to renormalizing the cosmological and gravitational constants and the parameters at the terms of the second, third, and fourth order in the curvature in the bare gravitational Lagrangian of form (27). For a homogeneous isotropic space-time, we obtained formulas (45)-(47), which determine the nonrenormalized vacuum averages of the EMT. We found the first three counterterms of n-wave procedure (52) for the vacuum EMT (see (58)- (63)). Using dimensional regularization, we established that the geometric structure of the counterterms of the n-wave procedure in a homogeneous isotropic space coincides with the structure of counterterms (19) , (24), (25) obtained in the effective action method. Formulas (45)-(47), (52), and (58)-(63) allow to calculating the renormalized vacuum averages of the EMT for a scalar field with a Gauss-Bonnet-type coupling to the curvature in a homogeneous isotropic space-time in the dimensions N = 4, 5.
Taking a possible coupling of the scalar field to the Gauss-Bonnet invariant R 2 GB into account may be important for the early Universe. A nonzero value of parameter ζ in the equations of the scalar field may influence black-hole evaporation (see [19] for the case of a dilaton coupled to the Gauss-Bonnet invariant), the parameters of the so-called bosonic stars (see, e.g., [20] ), and so on. The questions concerning the value of the parameter ζ and the parameter ξ ultimately pertain to experiment.
Appendix A
Here, we give expressions for the variations of some geometric quantities as well as the Bianchi identities and their consequences that are necessary for obtaining the EMT of a scalar field with a Gauss-Bonnet-type coupling to the curvature and the counterterms to its vacuum averages. The semicolon in the indices denotes the corresponding covariant derivatives.
For calculating variations, we introduce the notation δg ik = h ik and h = h i i for the variations of the metric. We then have δg ik = −h ik , The Bianchi identities for a symmetric connection compatible with the metric have the form 
